Detector self-tomography by Cónsul, Raúl & Luis, Alfredo
Detector self-tomography
Rau´l Co´nsul and Alfredo Luis∗
Departamento de O´ptica, Facultad de Ciencias F´ısicas, Universidad Complutense, 28040 Madrid, Spain
(Dated: September 23, 2020)
We present an intuitive model of detector self-tomography. Two identical realisations of the
detector are illuminated by an entangled state that connects the joint statistics in a way in which
each detector sees the other as a kind of mirror reflection. A suitable analysis of the statistics reveals
the possibility of fully characterizing the detector. We apply this idea to Bell-type experiments
revealing their nonclassical nature.
Quantum phenomena are always revealed by phenom-
ena whose statistics cannot be accounted for in classi-
cal physics. According to Born’s rule, the probability
of each measurement of the observable A with outcome
a is determined in a very symmetrical way by the sys-
tem state |ψ〉 and the measurement states |a〉. This is,
p(a|ψ) = |〈a|ψ〉|2, where typically |a〉 are the eigenvectors
of the measured observable A. This is after all a quite
interesting feature of the quantum theory. For example,
in quantum optics the scalar product 〈a|ψ〉 reveals that
detector states |a〉 must be formally described in terms
of light states, in spite of being all them made of mat-
ter. So we can ascribe to detector states quantum-light
properties in exactly the same way we do to light states.
Similar reasoning holds if the light beam is mixed ρ and
the detector is described by a positive operator-valued
measure (POVM) ∆(a) so that p(a|ρ) = tr [ρ∆(a)].
The symmetry of Born’s rule raises the question of
whether the quantum paradoxical results might be as-
cribed to the measurement states as well as to system
states [1]. For this reason, it is interesting to study the
characteristics of detectors from a fully quantum point of
view. There are several ways to do this, that started from
the idea of detector tomography [2–8]. The one proposed
in this work is an strategy of self-tomography in which a
detector observes itself, as it were in front of a mirror, as
a kind of self-calibration [9, 10]. To achieve this we illu-
minate two identical realizations of the detector with an
entangled state. Roughly speaking, because of quantum
state reduction, the measurement performed by one of
the detectors collapses the state of light illuminating the
other one on the very same state associated to the mea-
surement outcome [11]. Thus one detector is illuminated
by the internal state of the other one, so to speak.
The objective of this work is to derive the statistics
from this double measurement as a method of detector
self-tomography alternative to the already known proto-
cols of detector tomography [2–4]. We examine the pos-
sibility of extracting from the joint statistics the relevant
information to characterise completely the detector. We
then apply this idea to Bell-type experiments revealing
their nonclassical nature.
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System and measurement settings. For the sake of sim-
plicity, the physical system will be as simple as possible:
this is a spin 1/2, or equivalently, the polarization of a
photon. So our basic system will be two-dimensional,
that is, a qubit. We include the possibility of mixed sys-
tem states ρ
ρ =
1
2
(σ0 + s · σ) , (1)
where σ are the three Pauli matrices, σ0 is the identity,
and s is a real three-dimensional vector with |s| ≤ 1.
In the context of polarization the vector s is known as
the Stokes parameters, while in quantum mechanics it is
referred to as Bloch vector. The cases |s| = 1 are pure
states while mixed states occur for |s| < 1.
Measuring means establishing a correspondence be-
tween states ρ and probability distributions p(a) which
are the statistics of some measured observable A in the
state ρ. We will consider only two possible outcomes,
which we will denote as a = ±1, or sometimes simply
as a = ±. In the most general case the correspondence
ρ→ p(a) is of the form
p(a) = tr [∆(a)ρ] , (2)
where ∆(a) is a POVM. In our dichotomic two-
dimensional scenario the most general POVM for a
generic observable A is of the form, up to a trivial factor
proportional to the identity,
∆(a) =
1
2
(σ0 + aS · σ) , (3)
where S is a real three-dimensional vector with |S| ≤ 1
that completely characterizes the measurement up to a
sign, since ±S describe the same measurement. Using
the properties of Pauli matrices the statistics (2) becomes
p(a) = tr [∆(a)ρ] =
1
2
(1 + as · S) . (4)
This highlights the symmetry of the Born rule (2) be-
tween the state of the system ρ and the detector ∆(a),
which contribute equally to the p(a) statistics. After all,
the state of the system ρ is in its own right an observable.
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2Self tomography of measurements. The process of self-
tomography of the POVM ∆(a) is illustrated in Fig. 1.
The source produces a two-mode entangled state in three
possible versions
|ψ〉b = 1√
2
(|+〉1,b ⊗ |+〉2,b + |−〉1,b ⊗ |−〉1,b) , (5)
where |±〉j,b are eigenstates of the Pauli matrix σj,b,
where j = 1, 2 denotes the field mode and b = x, y, z
the corresponding Pauli matrix. Each mode j = 1, 2 de-
scribes the light beam impinging on each detector. In
one of the modes, say mode 1, we may insert a trans-
parent plate altering the polarization state of the photon
via a unitary transformation U , producing a rotation of
the Stokes vector s implemented by an 3× 3 orthogonal
matrix R
UρU† =
1
2
(
σ0 + sR
tσ
)
, (6)
where the superscript t denotes matrix transposition.
This is to say that the polarization state of the light
modes illuminating each detector may be different.
U
|ψ⟩b
Δ2 (a2)Δ1 (a1)
FIG. 1: Scheme of the self-tomography process.
The joint statistics is
pb,R(a1, a2) = b〈ψ|U†∆1(a1)⊗∆2(a2)U |ψ〉b, (7)
where ∆j(aj) are two identical realizations of the same
POVM ∆(a), leading to
pb,R(a1, a2) =
1
4
(1 + a1a2SRS
∗
b ) , (8)
where S∗b are defined in terms of the components of S =
(S1, S2, S3) as
S∗x = (S1, S2,−S3),
S∗y = (−S1, S2, S3), (9)
S∗z = (S1,−S2, S3).
This is that S∗b is the reflection of S in a coordinate plane.
This relation (8) has essentially the same structure in Eq.
(4) where the system-state vector s defined by ρ in Eq.
(1) is replaced by a detector-state vector S defined by
∆(a) in Eq. (3). This is the sense in which each detector
sees the other.
We can appreciate in Eq. (8) that the whole statistics
is determined just from one result, say a1 = a2 = 1, since
pb,R(−1,−1) = pb,R(1, 1), (10)
pb,R(1,−1) = pb,R(−1, 1) = 1/2− pb,R(1, 1).
We will use this fact to resume all statistics by just
pb,R(1, 1), alleviating the notation writing pb,R(1, 1) sim-
ply as pb,R.
Our objective here is self-tomography in the sense of a
complete determination of S after the statistics pb,R. To
this end we can consider the three bases b = x, y, z and
two choices for R, namely,
R0 =
(
1 0 0
0 1 0
0 0 1
)
, R1 =
(
0 1 0
0 0 1
1 0 0
)
, (11)
to give
4px,0 = 1 + S
2
1 + S
2
2 − S23 ,
4py,0 = 1− S21 + S22 + S23 , (12)
4pz,0 = 1 + S
2
1 − S22 + S23 ,
and
4px,1 = 1 + S1S2 − S2S3 + S1S3,
4py,1 = 1 + S1S2 + S2S3 − S1S3, (13)
4pz,1 = 1− S1S2 + S2S3 + S1S3,
respectively. It is clear that these six equations fully de-
terminate S up to an irrelevant global sing, since S and
−S are the same observable.
More specifically. At least one of the components of S
is different from zero, say S3 without loss of generality.
The modulus of S3 can be obtained from the pb,0 results
in Eq. (12) simply as
S3 =
√
2py,0 + 2pz,0 − 1. (14)
Then from Eq. (13) we can get the other components as
S1 =
√
2px,1 + 2pz,1 − 1
S3
, S2 =
√
2py,1 + 2pz,1 − 1
S3
.
(15)
This completes the proof that this scheme allows the com-
plete determination of the detector POVM.
Bell-type tests and non classicality. We find quite re-
markable the parallelism of the scheme in Fig. 1 with a
Bell-type measurement. In a recent work we have pro-
posed Bell-type experiments where the exact statistics
all the observables involved in the Bell test are obtained
3from a noisy joint measurement of all them in a single
experimental arrangement [12, 13].
To this end we consider the joint measurement of two
dichotomic observables X,Y in one of the modes, say
j = 1, and two other dichotomic observables U, V in the
other mode j = 2. Bell-type tests require these to be
incompatible observables so their joint observation must
be necessarily fuzzy. The complete statistics is obtained
in the most general terms as
p˜(x, y, u, v) = tr
[
ρ∆˜1 (x, y)⊗ ∆˜2 (u, v)
]
, (16)
being x, y, u, v = ±1, where
∆˜1(x, y) =
1
4
[
σ0 + S˜1(x, y) · σ
]
,
∆˜2(u, v) =
1
4
[
σ0 + S˜2(u, v) · σ
]
, (17)
with
S˜1(x, y) = xγXSX + yγY SY + xyγXY SXY ,
S˜2(u, v) = uγUSU + vγV SV + uvγUV SUV , (18)
where all vectors SX,Y,U,V,XY,UV are real, unit, three-
dimensional vectors, and γX,Y,U,V,XY,UV are real nonneg-
ative factors expressing the accuracy in the observation
of each observable. In any case, for all the outcomes
x, y, u, v we have always that |S˜j | ≤ 1, so that ∆˜†j = ∆˜j
and ∆˜j > 0.
Absolutely all the weird peculiarities of quantum corre-
lations are contained in the observed noisy joint statistics
p˜(x, y, u, v). A convenient way to extract such quantum
features is to apply to p˜(x, y, u, v) an inversion procedure
providing the exact statistics of all observables involved
in the Bell tests, X,Y, U, V . This lead us from p˜(x, y, u, v)
to a new distribution p(x, y, u, v) whose marginals are the
exact marginals for the four observables X,Y, U, V .
Formally, this inversion procedure can be expressed as
[12]
∆˜1 (x, y)→ ∆1 (x, y) , ∆˜2 (u, v)→ ∆2 (u, v) , (19)
with
∆1(x, y) =
1
4 [σ0 + S1(x, y) · σ] ,
∆2(u, v) =
1
4 [σ0 + S2(u, v) · σ] , (20)
and
S1(x, y) = xSX + ySY + xy
γXY
γXγY
SXY ,
S2(u, v) = uSU + vSV + uv
γUV
γUγV
SUV . (21)
Finally
p(x, y, u, v) = tr [ρ∆1 (x, y)⊗∆2 (u, v)] . (22)
Nonclassicality implies that the operators ∆1 (x, y) and
∆2 (u, v) are no longer positive definite. So, the state ρ
is termed nonclassical when it becomes a witness of this
fact when p(x, y, u, v) fails be nonnegative. This patho-
logical behaviour of p(x, y, u, v) is actually the most clear
quantum signature [14–16] and a manifestation of Fine’s
theorem [17]. The key point is that any manifestation of
nonclassicality requires a nonclassical detector as a nec-
essary condition [1].
From the perspective of this work, the procedure pre-
sented above allows the self-tomography of the POVMs
∆˜1 (x, y) and ∆˜2 (u, v), assumed to be actually two real-
izations of the the same detector. To this end we just set
up X = U and Y = V with S˜1 = S˜2 ≡ S˜, and replace
throughout the self-tomography protocol S by S˜(x, y) or
S˜(u, v) to get
p˜b,R(x, y, u, v) =
1
16
[
1 + S˜(x, y)RS˜∗b (u, v)
]
. (23)
Therefore, we can follow the same procedure of the
preceding section consecutively for each one of the four
vectors S˜(j, k), j = ±1, k = ±1, that become fully deter-
mined by the Eqs. (14) and (15) replacing S by S˜(j, k),
pb,0 and pb,1 by pb,0(j, k, j, k) and pb,1(j, k, j, k), and fi-
nally the factor 2 by a factor 8.
Then, the vectors SX , SY , SXY and the factors γX ,
γY ,γXY can be retrieved as functions of S˜(j, k). This is
because we have
S˜(1, 1) = γXSX + γY SY + γXY SXY ,
S˜(1,−1) = γXSX − γY SY − γXY SXY ,
S˜(−1, 1) = −γXSX + γY SY − γXY SXY ,
S˜(−1,−1) = −γXSX − γY SY + γXY SXY . (24)
Taking into account that the vectors SX , SY , and SXY
are unit-modulus and all the γ nonnegative, we have
SX =
S˜(1,1)+S˜(1,−1)
|S˜(1,1)+S˜(1,−1)| , γX =
|S˜(1,1)+S˜(1,−1)|
2 ,
SY =
S˜(1,1)+S˜(−1,1)
|S˜(1,1)+S˜(−1,1)| , γY =
|S˜(1,1)+S˜(−1,1)|
2 , (25)
SXY =
S˜(1,1)+S˜(−1,−1)
|S˜(1,1)+S˜(−1,−1)| , γXY =
|S˜(1,1)+S˜(−1,−1)|
2 .
Finally, after Eqs. (21) we can determine the inverted
four vectors S(x, y) and the corresponding ∆(x, y) in Eq.
(20) leading to the inferred noiseless distribution
pb,R(x, y, u, v) =
1
16
[1 + S(x, y)RS∗b (u, v)] . (26)
In particular this allows us to easily check the non-
classicality of the detectors ∆1 (x, y), ∆2 (u, v) [1]. For
4definiteness let us assume that SX , SY , and SXY are
mutually orthogonal, i. e.,
SX = (1, 0, 0), SY = (0, 1, 0), SXY = (0, 0, 1), (27)
along with R0 = I, where I is the 3 × 3 identity, and
b = z so that the inferred joint distribution (26) becomes
pz,0(x, y, u, v) =
1
16
[1 + S(x, y) · S∗z (u, v)] . (28)
being
S(x, y) · S∗z (u, v) = xu− yv + xyuv
γ2XY
γ2Xγ
2
Y
, (29)
and clearly pz,0(x, y,−x, y) < 0 since
pz,0(x, y,−x, y) = − 1
16
(
1 +
γ2XY
γ2Xγ
2
Y
)
< 0, (30)
revealing the quantum nature of the detectors, unavoid-
able as far as they are joint measurements providing com-
plete information about incompatible observables X, Y .
So this is a process by which detectors can test their
nonclasssical nature.
Conclusions. We have presented a rather intuitive
model of self-tomography. This exploits a rather unique
feature of quantum mechanics where detectors are char-
acterised by field states, establishing a fruitful symmetry
between observing an observed systems. In particular
this allows us to translate to detectors many of the fea-
tures already introduced for quantum states. This is the
case of tomography and nonclassicality.
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